Assuming the existence of a supercompact cardinal, we construct a model where, for some uncountable regular cardinal κ, there are no Σ 1 1 (κ) − κ−mad families.
Introduction
The study of higher analogs of descriptive set theoretic results has gained considerable attention during the past few years. Recent work includes new results on regularity properties, definable equivalence relations and the connections with classification theory (see [KLLS] for a survey and a list of relevant open problems).
In this paper we consider the definability of mad families from the point of view of generalised descriptive set theory. Our basic objects of study are the following:
Definition 1: a. A family F ⊆ [κ]
κ is called κ−mad if |A ∩ B| < κ for every distinct A, B ∈ F , and F is ⊆ −maximal with respect to this property.
b. We say that X ⊆ 2 κ is Σ 1 1 (κ) if there is a tree T ⊆ ∪ α<κ κ α × 2 α such that X = {η ∈ 2 κ : there is ν ∈ κ κ such that (ν ↾ α, η ↾ α) ∈ T for every α < κ}.
Following Mathias' classical result that there are no analytic mad families ( [Ma] ), it's natural to investigate the higher analogs of Mathias' result for a regular uncountable cardinal κ. It turns out that under suitable large cardinal assumptions, it's possible to construct a model where no Σ
The rest of the paper will be devoted to the proof of the above result.
Proof of the main result
Hypothesis 2: We fix a measurable cardinal κ and a normal ultrafilter D on κ.
We shall now define a variant of Mathias forcing:
Definition 3: A. Let Q = Q κ D be the forcing notion defined as follows:
<κ and A ∈ D.
b. ≤=≤ Q is defined as follows: p ≤ q iff
b. The sequence (p i : i < κ) has an upper bound if the following conditions holds:
Proof: a. By the κ-completeness of D.
is a condition in Q, it's easy to see that it's the desired upper bound.
Claim 5: Suppose that p ∈ Q, sup(u p ) ≤ α < κ and τ ∼ is a Q-name of a member of V , then there is q ∈ Q such that:
c. If v ⊆ α + 1 and there is r ∈ Q forcing a value to τ
Proof: Fix an enumeration (v β : β < 2 |α| ) of P(α + 1). We shall construct by induction a decreasing sequence (A β : β < 2 |α| ) of elements of D as follows:
a. β = 0: Without loss of generality, there is r ∈ Q as in clause (c) for v 0 . Let
c. β = γ + 1: Without loss of generality, there is r ∈ Q as in clause (c) for
easy to verify that q is as required. Finally, let q be a ≤ pr -upper bound for (p i : i < κ) (such q exists by Observation 4(b)). q is obviously as required.
Claim 7:
If p ∈ Q and p "τ ∼ ∈ V κ ", then there is q ∈ Q that satisfies the conclusion of Claim 6 for every α ∈ [sup(u p ), κ).
Proof: By Claim 6 and Observation 4(b).
Claim 8: (α) (A) implies (B) where:
is well defined and belongs to B.
(β) (A) implies (B) where:
This completes the proof of (α).
(β) Obviously, each element of B V has cardinality κ and
<κ and {τ
Claim 9: There are no (Q, u
Proof: Suppose towards contradiction that there are (Q, u
κ (recalling that κ is regular and B is κ-almost disjoint).
Now define the following Q-names:
Let E be the ultrafilter on κ generated by the sets {{F (i, α) : i < α are from A} : A ∈ D}. By Rowbottom's theorem, for every A ∈ D and
It follows that E is indeed an ultrafilter. As F is injective, each set in E has cardinality κ. By the κ-completeness of D, E is also κ-complete.
Proof: Let C ∈ B.
Case II: C ∈ B \ {A * i : i < κ}. In this case, define f :
This proves the subclaim. We shall now return to the proof of the main claim. Suppose towards contradiction that
for i large enough", and also p "for i large enough, i ∈ u
for every large enough i ∈ u 
and B is κ-mad", it follows that p "τ ∼ = C". We shall derive a contradiction by showing that Q "|ν Observation 4: A. Given p 1 , p 2 ∈ Q and α < κ, there exist (q 1 , q 2 , β) such that:
B. As in (A), with (d) replaced by the following:
Proof: By the previous subclaims, B
, there exist q 1 ≥ p 1 and q 2 ≥ p 1 such that (q 1 , q 2 , β) are as required, and similarly for γ and (B). This proves the observation.
g. If i = 4j + 4 then p
Observation 5 
By the choice of (p
κ . Similarly, |{β 4i+3 : i < κ}| = κ and {β 4i+3 : i < κ} ⊆ C 1 \ C 2 , hence C 1 = C 2 . This contradicts the κ-madness of B in V , which completes the proof of Claim 9. It's easy to verify that Q = Q D satisfies * 1 κ,Q when D is a normal ultrafilter on κ (e.g. fix a bijection g : [κ] <κ → κ, and for every {p α : α < κ
is a P α -name of a normal ultrafilter on κ}.
As κ is a Laver indestructible supercompact cardinal, there is an iteration as above. Suppose towards contradiction that there is a Σ 1 1 (κ) − κ−mad family B in V P δ . B = {η : (η, ν) ∈ lim(T )} for a suitable tree T . By the fact that cf (δ) > κ and
Applying Claim 9 to
Open problems
We conclude by listing some of the open problems following from our work:
Following the main result of the paper, one may ask whether it's possible to get an implication instead of just consistency:
Question 1: Suppose that κ is supercompact, is there a Σ 1 1 (κ) − κ-mad family? Question 2: What is the consistency strength of ZF C + "for some uncountable regular cardinal κ, there are no Σ 1 1 (κ) − κ−mad families"? It's known by [Ma] , [To] and [HwSh:1090] that ZF +DC+"there are no mad families" is consistent ( [To] shows that it holds in Solovay's model while in [HwSh:1090] we obtain a consistency result relative to ZF C). 
